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Abstract: Based on the multiplicity evaluation in some real situations, this paper firstly introduces 
a single-valued neutrosophic multiset (GSVNM) as a subclass of neutrosophic multiset (NM) to 
express the multiplicity information and the operational relations of SVNMs. Then, a cosine 
measure between SVNMs and weighted cosine measure between SVNMsS are presented to measure 
the cosine degree between SVNMs, and their properties are investigated. Based on the weighted 
cosine measure of SVNMs, a multiple attribute decision-making method under a SVNM 
environment is proposed, in which the evaluated values of alternatives are taken in the form of 
SVNMs. The ranking order of all alternatives and the best one can be determined by the weighted 
cosine measure between every alternative and the ideal alternative. Finally, an actual application 
on the selecting problem illustrates the effectiveness and application of the proposed method. 


Keywords: single valued neutrosophic set (SVNS); neutrosophic multiset (NM); single valued 
neutrosophic multiset (SVNM); cosine measure; multiple attribute decision-making 


1. Introduction 


In 1965, Zadeh [1] proposed the theory of fuzzy sets (FS), in which every fuzzy element is 
expressed by the membership degree T(x) belonging to the scope of [0, 1]. While the fuzzy 
membership degree of T(x) is difficult to be determined, or cannot be expressed by an exact real 
number, the practicability of FS is limited. In order to avoid the above situation, Turksen [2] 
extended a single-value membership to an interval-valued membership. Generally, when the 
membership degree T(x) is determined, the non-membership degree can be calculated by 1- T(x). 
Considering the role of the non-membership degree, Atanassov [3] put forward the intuitionistic 
fuzzy sets (IFS) and introduced the related theory of IFS. Since then, IFS has been widely used for 
solving the decision-making problems. Although the FS theory and IFS theory have been constantly 
extended and completed, they are not applicable to all the fuzzy problems. In 1998, Smarandache [4] 
added the uncertain degree to the IFS and put forward the theory of the neutrosophic set (NS), 
which is a general form of the FS and IFS. NS is composed of the neutrosophic components of truth, 
indeterminacy, and falsity denoted by T, I, F, respectively. Since then, many forms of the 
neutrosophic set were proposed as extensions of the neutrosophic set. Wang and Smarandache [5,6] 
introduced a single-valued neutrosophic set (SVNS) and an interval neutrosophic set (INS). 
Smarandache [7] and Smarandache and Ye [8] presented n-value and refined-single valued 
neutrosophic sets (R-SVNSs). Fan and Ye [9] presented a refined-interval neutrosophic set (R-INS). 
Ye [10] presented a dynamic single-valued neutrosophic multiset (DSVM), and so on. 
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Now, more researches have been done on the NS theory by experts and scholars. Ye [11,12] 
proposed the correlation coefficient and the weighted coefficient correlation of SVNS and proved 
that cosine similarity is a special case of the SVNS correlation coefficient. Broumi and Smarandache 
[13] proposed three vector similarity methods to simplify the similarity of SVNS, including Jaccard 
similarity, Dice similarity, and cosine similarity. Majumdar and Samanta [14] gave the similarity 
formula of SVNSs. Broumi and Smarandache [15] gave the correlation coefficient of INSs. Based on 
the Hamming and Euclidean distances, Ye [16] defined the similarity of INSs. For the operation rules 
of NSs, Smarandache, Ye, and Chi [4,16,17] gave different operation rules, respectively, where they 
all have certain rationality and applicability. 

Recently, Smarandache [18] introduced the neutrosophic multiset and the neutrosophic 
multiset algebraic structures, in which one or more elements are repeated for some times, keeping 
the same or different neutrosophic components. Its concept is different from the concept of 
single-valued neutrosophic multiset in [10,19]. Until now, there are few studies and applications of 
neutrosophic multisets (NM) in science and engineering fields, so we introduce a single valued 
neutrosophic multiset (GSVNM) as a subclass of the neutrosophic multiset (NM) to express the 
multiplicity information and propose a decision-making method based on the weighted cosine 
measures of SVNMs, and then provide a decision-making example to show its application under 
SVNM environments. 

The remaining sections of this article are organized as follows. Section 2 describes some basic 
concepts of SVNS, NM, and the cosine measure of SVNSs. Section 3 presents a SVNM and its basic 
operational relations. Section 4 proposes a cosine measure between SVNMs and a weighted cosine 
measure between SVNMs and investigates their properties. Section 5 establishes a multiple attribute 
decision-making method using the weighted cosine measure of SVNMs under SVNM environment. 
Section 6 presents an actual example to demonstrate the application of the proposed methods under 
SVNM environment. Section 7 gives a conclusion and further research. 


2. Some Concepts of SVNS and NM 


Definition 1 [5]. Let X be a space of points (objects), with a generic element x in X. A SVNS R in X can be 
characterized by a truth-membership function Tp(x), an indeterminacy-membership function Ip(x), and a 
falsity-membership function Fp(x), where Tp(x), Ip(x),Fr(x) € [0,1] for each point x in X. Then, a SVNS R can be 
expressed by the following form: 


R = {(x, Tr), Ip), Fr) 1X € X}. 


Thus, the SVNS R satisfies the condition 0 < Tp(x) + Ip(x) + Fr(x) < 3. 

For two SVNSs M and N, the relations of them are defined as follows [5]: 

(1) MENifand only if Ty (x) <Ty(x), I(x) 2Iy(x), Fy(x) 2 Fy(x) for any x in X; 
(2) M=Nifand only if MEN and N €M; 
(3) M&= {(x, Fy (x), 1 — Im (x), Tu (x) |x € X}. 

For writing convenience, an element called single-valued neutrosophic number (SVNN) in the 
SVNS R can be denoted by R = (Ta(x), Ip (x), Fr(x)) for any x in X. For two SVNNs M and _N, the 
operational relations of them can be defined as follows [5]: 

(1) MUN = <max(Ty (x), Ty (x)), min(Iy (x), Ly (2), min(Fy (x), Fy (x)) > for any x in X; 
(2) MnN= <min(Ty (x), Ty (x)), max(Iy (x), Ly (x)), max(Fy (x), Fy (x)) > for any x in X. 


For two SVNNs M and N, the operational rules of them can be defined as follows [5]: 


M+N =<Ty(x) + Ty (x) — Ty) Ty CO), Ly COI), Fry (x) Fy (x) > for any x in X; (1) 


MXN = <Ty(X)T yx), Iu) + Iv) — Iu) yD, Fu) + Fry) — Fu) Fy) (2) 
> for any x in X; 


gM = <1- (1-Tu(x))*, (Im e))”, (Fu)? >for > Oandany x inXx; (3) 
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M®=< (Tu(x))*, (1- In(x))*, (1- Fy(x))* >,forg > OandanyxinXx. (4) 


Definition 2 [20]. Let X= {x,,x2,.., Xn} be a space of points (objects), L and M be two SVNSs. The cosine 
measure between L and M is defined as follows: 


p(L,M) =—Y, cos (| 7. (x:) — Twa) + I) — Ive + FL) — Fue} 6) 


Obviously, the cosine measure between L and M satisfies the following properties [20]: 


® 0<p(L,M) <1; 
@® p(L,M) = 1ifand only if L = M 
@ p(L,M) = p(M,L). 


Definition 3 [18]. Let X be a space of points (objects), and a neutrosophic multiset is repeated by one or more 
elements with the same or different neutrosophic components. 


For example, M = {(m,, (0.7,0.2,0.1)), (mz, (0.6,0.4,0.1)), (73, (0.8,0.3,0.2))} is a neutrosophic set 
rather than a neutrosophic multiset; while K = 
{ (ky, (0.7,0.2,0.1)), (ky, (0.7,0.2,0.1)), (Ky, (0.7,0.2,0.1)), (kz, (0.6,0.4,0.1))} is a neutrosophic multiset, 
where the element k, is repeated. Then, we can say that the element k, has neutrosophic 
multiplicity 3 with the same neutrosophic components. 

Meanwhile, L = {(1,,(0.7,0.2,0.1)), (ly, (0.6,0.3,0.1)), (1,, (0.8,0.1,0.1)), (ly, (0.6,0.4,0.1))} is also a 
neutrosophic multiset since the element 1, is repeated, and then we can say that the element |, has 
neutrosophic multiplicity 3 with different neutrosophic components. 

If the element 1, is repeated times with the same neutrosophic comonents, we say |, has 
multiplicity. If the element 1, is repeated times with different neutrosophic comonents, we say 1, 
has the neutrosophic multiplicity (nm). The nm function can be defined as follows: 


nm: XN = {1, 2,3,...,00o} forany r€R 
nm(r) = {Cpr (Tr, F1)), (Par (Ta, Lo, Fo), (Di (Ti Tin Fi), ob 


which means that r is repeated by p, times with the neutrosophic components (T;,1,,F,); 1 is 
repeated by p, times with the neutrosophic components (T», Iz, Fz); ...; r is repeated by e times 
with the neutrosophic components (7;,/;,F{); and so on. p4,P2,-.,Pi+.EN, and (Tj,1j;, Fj) # 
(Tr Tk, Fx), for j # k and j,k € N. Then a neutrosophic multiset R can be written as: 


(R, nm(r)) or {(r,nm(r), for r € R)}. (6) 


Now, with respect to the previous neutrosophic multisets K, L, we compute the neutrosophic 
multiplicity function: 


mm: K > N; 

nmx (kz) = {(, (0.7,0.2,0.1))}; 

nmr (kz) = {(1, (0.6,0.4,0.1))}; 

nm,:L > N; 

nm,(l,) = {(1, (0.7,0.2,0.1)), (1, (0.6,0.3,0.1)), (1, (0.8,0.1,0.1))}; 
nm, (lz) = {(1, (0.6,0.4,0.1))}. 


3. Single Valued Neutrosophic Multiset 


Definition 4. Let X be a space of points (objects) with a generic element x in X and N= {1, 2, 3, ..., 0}. A 
SVNM R in X can be defined as follows: 

R= (,(@ar (Tra (2), Tea 2), Fen ))), Pras (Tra (2), Feo (2), Fra (*))), (Daj (Taj), Iaj 0D, Fj ()))) lx € XY, 
where Trr(x),Ipe(X), Fre(x) express the truth-membership function, the indeterminacy-membership 
function, and the __ falsity-membership function, respectively. Tr (X), Tr2(X), -., Tre (x) € 
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[0,1] , Ipi (x), Ip2(X), Tex) € [0,1], Fri (X), Fro(x), -) Fre (x) € [0,1] and 0 < Tax (x) + pg (x) + 
Fre (x) S 3, fork =1, 2, ...j, 7 EN, Pri Pro +»Prj © N and pay + Pez + °° + Pry 2 2. 


For convenience, aSVNM R can be denoted by the following simplified form: 
R = {&, (Drs (Tre (%), Ie 0), Fre) |x € X}, fork = 1,2,...,j. 
For example, with a universal set X = {x,,x,}, aSVNM R is given as: 


R = {(xz, (2, (0.6,0.2,0.1)), (1, (0.8,0.2,0.2))), (x2, (1, (0.7,0.3,0.1)), (2, (0.7,0.2,0.3)))}. 


Then 
NMp(X,) = {(2, (0.6,0.2,0.1)), (1, (0.8,0.2,0.2))}; 
NMp(xX2) = {(1, (0.7,0.3,0.1)), (2, (0.7,0.2,0.3))}. 


Definition 5. Let X be a space of points (objects) with a generic element x in X, M and L be two SVNMs, 


M = &X, (Pate (Tuk 0), Im (2) Fee (x) 1x € X}, for k = 1,2,...), 
L = {%, Drie Thi), Lik), Fie) x € X}, for k = 1,2,...j, 


Then the relations of them are given as follows: 


© Me=L, if and only if Pye = Pre Tux) = Tre), Iu) = Iie), Fur) = Fixr(x), for k = 


A eres bs 

@ MUL = — {x, (pu V Pir) (Tur) V Tix), Iu) A Iie 0), Fu (x) A Fir (x))) |x € X} for k = 
12,08 ]) 

@ MNL= {x, (Cpu A Pre) (Tun () A Tie), Ik) V Iie 00), Fu (©) V Fix (x))) |x € X}, for k = 
Tad cane 


rl a 72 12 


For convenience, we can use r= ((p,.<Ty(2)J, (1), Fy(t) >)s(Pyas<Toa() LC) F(t) >)oes(Pyp< Tye L, (2. F, (2) >) 


to express a basic element in a SVNM RK and call r a single valued neutrosophic multiset element 
(SVNME). 


For example, with a universal set X = { x1,x2}, then two SVNMs M and L are given as: 


M = {(x,, (2, (0.6,0.2,0.1)), (1, (0.4,0.1,0.2))), (x2, (1, (0.7,0.3,0.1)))}; 


L = {(x,, (1, (0.6,0.2,0.1)), (1, (0.8,0.2,0.1))), (x2, (1, (0.9,0.3,0.1)))}; 


M UL = {(x%, (2, (0.6,0.2,0.1)), (1, (0.4,0.1,0.2)), (1, (0.8,0.2,0.1))), 
(x2, (1, (0.7,0.3,0.1)), (1, (0.9,0.3,0.1)))} 


MOL = {x, (1, (0.6,0.2,0.1))}. 


Definition 6. Let X be a space of points (objects) with a generic element x in X and M be a SVNM, we can 
change a SVNM M into a SVNS M by using the operational rules of SVNS. 


M= {x, (Pur: (Tu 0), Ix (4), Fur) |x € X}, for k = 1, 2, way 
Then 


{110 Tn) Ta a) Ta B09) |e x}. (7) 


Proof. 

Set ™,,Mz, ...m, are basic elements in M. 

When k = 1, we can get 

my = (Tint), Limit OD), Fina 0) (Tmt CD, Ima 0), Fina) oe» (Tima 0) Ima 2), Fm1 @))), which has 
neutrosophic multiplicity py. 

According to the operational rules of SVNSs, we can get: 
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+m, = 1- (1 = Ta), lin 2), (Fin 0). 


As the same reason, when k = 2, we can get 


+m, = 1-(1- Tino), (mi 2), (Fra). 

Then 
m+m, = 1—(1—Tmi(x))?"(1 
—T2(*))P?, (En) (Fina Ds (Fina 2) (Fina 2) 
=1 — T]Raa(1 — Trnte(x))°™ , Maa (Frnte (xD) » Rat (Fe x)": 
Suppose when k = i, the Equation (7) is established, then we can get: 
mtm, +--++m, =1-Tih-i(1 - 
Tigo) alle tan Co)? olile=atage as 9 


Pm2 Pm2 


Then 


m,+m, tet Mm; + Mi44 : 
i 


7 | |e — Fredy" + 1 (1 3 Teuwe@) 


k=1 


-( - []o-n 7 rac) (1 - (1-7, ~ Ragen) 
(feo ono 
([]t rm (F an) ine 


<1 = TEC = Tne)? Te Clinic OD) Tie Fnac 0D) 
To sum up, when k =i + 1, Equation (7) is true, and then according to the mathematical 
induction, we can get that the aggregation result is also true. 0 


Definition 7. Let X = {x1,X2,..+ X,} bea universe of discourse, and M and N be two SVNMs, and then the 
operational rules of SVNMs are defined as follows: 


M= {x, (pus (Tu (X), Iu x), Fu (x))) |x E X}, for k = 1, 2, wedi 


N= {x, (Pye (Tnx (x), Ine (x), Frye (x))) |x E X}, for k -_ 1, 2, | , 
MON 
= =e 1 


-[]e — Ty (x))™* [c 

— Tux)", [mca []t ay", [tre []oomcors be €X) 

M@N= ae TI 1- or" ( Te - sacor) | [mo uw 
Tl (Ine) - [Jemeor™ | fowcoy [](eacor 


j 
[(Fmeoy™*- T [Gace I [tencoy™) Ix EX} 
k= k=1 k=1 
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j - j ae 9 
oM = {{x,| 1- [ [a _ rive) al | [Ginco)? | |(fee)?"* ‘ie 
k=1 wet nt 

EX} 
j ep j Q 
M® = {(x,| 1- | Ia _ Tey meee (is ] |Goueco)™ 1 
Kt k=1 


p 


(Frac(x))?™* |) |x € X} 


a 


qu 


j 
k= 


4. Cosine Measures of Single-Value Neutrosophic Multisets 


Cosine measures are usually used in science and engineering applications. In this section, we 
propose a cosine measure of SVNMs and a weighted cosine measure of SVNMs. 


Definition 8. Let X = {x1,X2,..+ X,} be a universe of discourse, M and N be two SVNMs, 


M= 
{xi (Oma (Tur i), Ia i), Fra %i))), m2, (Taz (i), Iz i), Fu2%i))), (Paj (Ty j (i), Ij (ai), 
X}, 
N 
= {(%p (nav (Twi i), I i), Fru DY), (Pnvas (Tov, In2 Ci), Fra )), > Pury (Tw yj id), Inj Oi), Fr j DY: 
€ X} 


Then, a cosine measure between two SVNMs M and N is defined as follows: 


n 


j j 
1 k Nk 
p(M,N) ==) cos}=l| [(1- Tweed)? - | [1 - Tred)” 
k=1 k=1 


i=1 
J J 


+1] [GueGeoy™* = | [Cme@eoy?™ e 


k=1 k=1 


J J 
+1] [Geceay™ - | ]veeny™ 
k=1 k=1 


Theorem 1. The cosine measure p(M, N) between two SVNMs M and N satisfies the following properties: 


® p(M,N) = pWW,M); 
@ 0 <p(M,N) <1; 
@ p(M,N) =1,if and onlyif M=N. 


Proof. 

Oo: For lorem re Tae (xi) -_ La a Twn (i) | a [Fleas lan Gi) = Those) | + 
[Flea (Fone id)? — Tena Fie id) | = [een (1 = Te ea) = Maa (1 = Tne 1) P| + 
[Teas lve)” — Tn le (0) P| + | ny Fed) — Tn (Fa ed)"|, so we can 
get p(M, N) = p(N,M). 

@: For 0 < Tyx (x) < 1,0 < Ing (%) < 1,0 < Frye (x) < 1,0 < Tye (x) < 1,0 < Ing (xe) 3 1,0¢ 
Fye(x%i) <1; 

Then, we can get 


0<1-—Tyx(%) S land0<1-Ty,(%) <1; 


0<)0(—Ta@py Ss 1 and 0's TY, (1 —Trk@y) <1: 
So, 
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0s [M101 = Tyx(%,)) re EN 6 7 Peay | <1. 
O. 
For the same reason, we can get 


J J 
[| [Gmee)™* = | [Cee 
k=1 k=1 


j J 
| [Fneeo)™* =| [Fee 
k=1 k=1 


Above all, we can get 0< li. — Tay ae Tea a Tye (x) *| + 
[Teas lara (42)) — Tihs vee | + [Thang Fane)" - Thar Feed)?" | <3 and Os 
Dy cos {* | 4(1 — Ties) — Tha — Tred) | + as need) = 
TH, (IvieCe)) "| + [Ta (Fonte eed) — Tha (Freee) |} 1; 


n 


J J 
1 k Nk 
p(M,N) ==) cos fF [Te = Tread) — | [1 - Trex)? 
k=1 k=1 


j j 
[| [emeen)?™* =| [Cera 
k=1 k=1 


0< <1 and 0 


< <1 


+ 
j j 
+1] [@eceay™ = | [ery 
k= k=1 
j j 
1 
= i(n ( | |a —Tyx(x1))™ - | |a — Tye(X)) 
k=1 k=1 


+ 


j j 
] |G C7) ioe | [Gwe al 
k=1 k=1 


j j 
Ge C7) ae od I] (Fv Con) aa 
k=1 k=1 


4 1 
cos 6 


j j 
] |G Ge)" = ] | Gwe)?" 
k=1 k=1 


+ 


} 


j j 
Ia o Tay i | |a = TueOey) 
k=1 k=1 


+ 
j j 
# Ge Ge) mz | | (ve CA aa ) te 
k=1 k=1 
j j 
+ cos | | |a = ee) ies — | |a _ Ta) 
k=1 k=1 
j j 
+1] [Greeny - | [Gre lnd)?"* 
k=1 k=1 
j j 
+1] [Ee Gnd)? - | [vend )) 
k=1 k=1 
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Let cos {= (\TT,_4(1 — Tae (md) — Then (1 — Tre ord) | + [Ta lone) — 
sep) | + Hizey ms TH 2s (Fd) |)} =a; (i=1,2,..n), then p(M,N)= 
“fa, + ay ++ + Ay}. 

According to 0 < cos {= (Tay (1 — Toe) — Tas (1 - Tree) | + [Tn le ()P™ - 
TH as (ne id) | + (Tas (Fined) — Thea (Freed)? |) | = a: $1, we can obtain 0 < a, + a; + 
“++ a, <n and0 <=(a +a, +--+ a,) < 1,s0 we can get 0 < p(M,N) <1. 

@: IfM=N then Ty, (%j) = Tye (%i)s Iu i) = Ine (x), and Fux (%;) = Fy, (x;) for any x; € X andi 

1,2,..n, so we can get p(M,N) = 1, if and only if M = N. 

Now, we consider different weights for each element x;(i = 1,2,...,n) in X. Then, let w= 
(W1,W2,..,Wn)’ be the weight vector of each element x;(i = 1,2,...,n) with w; € [0,1], and 17, w; = 


1. Hence, we further extend the cosine measure of Equation (8) to the following weighted cosine 
measure of SVNM: 


n J j 
1 
pw(M,N) = ¥ wecoss={ |[ [C1 — Tweed)" —] [C1 = treed)? 
i=1 k=1 k=1 
J j 


+1] [GueGeoy?™ = | [Cme@eoy?™ (9) 


k=1 k=1 


j j 
+1] [Gee - | [@ueGo)™ 
k=1 k=1 


Theorem 2. The cosine measure p,,(M, N) between two SVNMs M and N satisfies the following properties: 


@ Pw (M,N) = py(N, M); 
@ 0 <p,(M,N) s1; 
@ py(M,N)=1,if andonlyif M=N. 


The proof of Theorem 2 is similar to that of the Theorem 1, so we omitted it here. 


5. Cosine Measure of SVNM for Multiple Attribute Decision-Making 


In this section, we use the weighted cosine measure of SVNM to deal with the multiple attribute 
decision-making problems with SVNM information. 

Let G = {91,92,+»» Gm} aS a set of alternatives and X = {x,,X2,..., X,} as a set of attributes, 
then they can be established in a decision-making problem. However, sometimes x;(i = 1, 2, ...,7) 
may have multiplicity, and then we can use the form of a SVNM to represent the evaluation value. 

Let g, = (ir Papa Top1 is Ig, 1 1), Fo, 61))), (Pg,2 (Tg -2 %)s Igy 2 1), Fay 2 iD)» + Bae jr Taj Oi), Lo, j OC)» Fo, HY) [x1 € 
X}, for r=1,2,...,mandi=1, 2, ...,n. Then we can establish the SVNM decision matrix D, which is 
shown in Table 1. 


Table 1. The single-valued neutrosophic multiset (GSVNM) decision matrix D. 


x4 
Qa 1, (Pg,1) (Tg,1(%1), Ig,10%1), Fy,1(%1))), me (Pg. (Tg, j (1), Ig, j 1), Fy,j(%1))) 
G2 1, (Pg,1 (Tg,1(%1), Ig,10%1), Fy,1(%1))), my (Pg) (Tg, j(%1), Ig, j 1), Fy, (%1))) 


Bin ¥us gg» Tyg Fs Taga Cer) Fg )Y)s (Baa Tr OD Fad 1) Fas DD) 
Xn 
Xn (Pg,v (Ty,1(%n), I9,1%n), Fy,1@n))), oa] (Pg, (Ty, j (%), Ig, jn), Fo, j (%))) 
Xn (Pg,1 (Tg,1n), Ig,1 Qn), Fy,1n))), ty (Pg. (Ty; (xn), Ig,;&n), Fo, j (%n))) 


Xn (Pg nt (Ty ,1&n), Ig ni Xn), Fg,,1(%n))), ut (Pam i> (To nj (Xn), Ign j Xn)» Foi (n))) 


Symmetry 2018, 10, 154 9 of 12 


Step 1: By using Equation (7), we change the SVNM decision matrix D into SVNS decision 
matrix D, which is shown in Table 2. 


Table 2. The single-valued neutrosophic set (SVNS) decision matrix D. 


x1 
j j j 
i Dgik Paik Pgik 
& tt-[]Q-tmecn) | [Coen | | Fen)» 
k=1 k=1 k=1 
J J J 
2 Pgzk Dgok Pgok 
fe tx 1-[ ] (t-te) | [Cowen y | | (Foard) 
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Step 2: Setting T ,~(x;) is the maximum truth value in each column x; of the decision matrix D, 
I g(x) and F g+(x;) are the minimum indeterminate and falsity values in each column x; of the 
decision matrix D, respectively, the ideal solution can be determined as x;. 

= (T g* (Xj), 1 g* (Xi), F g*(%i)), fori=1, 2,...,n 

So, we can get the ideal alternative g* = {xj x2, ..., xn}. 

Step 3: When the weight vector of attributes for the different importance of each attribute x;(i = 
1,2,..,n) is given by w = (w,Wo,..., Wn) with w,; = 0 and )i_, w; = 1, then we utilize the weighted 
cosine measure to deal with multiple attribute decision-making problems with SVNM information. 
The weighted cosine measure between an alternative g,(r = 1,2,..,m) and the ideal alternative 
g’ can be calculated by using the following formula: 

Pw(Gr 9") = Pw(Gr 9") 


=Y moos = (|Tp,(x1) — Tg: ad] + [lod — Lye (ad (10) 
+ [Feo -Fy -(x)|)}. 


Step 4: According to the values of p,(g,,g*) for r=1, 2, ..., m, we rank the alternatives and 
select the best one. 

Step 5: End. 

The formalization of the steps is illustrated in Figure 1. 


Establish the SVNM decision matrix 


Chang SVNM decision matrix into SVNS decision matrix 


Get the ideal alternative 


Calculate the weighted cosine measure between 


every alternative and the ideal alternative 


Rank the alternatives and get the best one 


Figure 1. Flowchart of the decision steps. 
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6. Numerical Example and Comparative Analysis 


6.1. Numerical Example 


Now, we utilize a practical example for the decision-making problem adapted from the 
literature [21] to demonstrate the applications of the proposed method under a SVNM environment. 
Now, one customer wants to buy a car, he selects four types of cars and evaluates them according to 
four attributes. Then, we build a decision model. There are four possible alternatives (91, 92, 93,94) 
to be considered. The decision should be taken according to four attributes: fuel economy (x), price 
(x2), comfort (x3), and safety (x,). The weight vector of these four attributes is given by w = 
(0.5,0.25,0.125,0.125)". Then, the customer tests the four cars on the road with less obstacles and on 
the road with more obstacles, respectively, and after testing, some attributes may have two different 
evaluated values or the same value. So, the customer evaluates the four cars (alternatives) under the 
four attributes by the form of SVNMs. 

Step 1: Establish the SVNM decision matrix D provided by the customer, which is given as the 
following SVNM decision matrix D in Table 3. 


Table 3. The SVNM decision matrix D. 


x4 x2 x3 x4 
G1: ~ (1,(0.5,0.7,0.2)), (1, (0.7,0.3,0.6) 1,(0.4,0.4,0.5) (1, (0.7,0.7.0.5)), (1, (0.8,0.7,0.6)) (1, (0.1,0.5,0.7)), (1, (0.5,0.2,0.8)) 
G2 (1,(0.9,0.7,0.5)), (1, (0.7,0.7,0.1) 1, (0.7,0.6,0.8) 2, (0.9,0.4,0.6) (1, (0.5,0.2,0.7), (1, (0.5,0.1,0.9)) 
G3 (1,(0.3,0.4,0.2), (1, (0.6,0.3,0.7)) 1, (0.2,0.2,0.2) (1, (0.9,0.5,0.5), (1, (0.6,0.5,0.2)) (1, (0.7,0.5,0.3), (1, (0.4,0.2,0.2)) 
G4 (1,(0.9,0.7,0.2), (1, (0.8,0.6,0.1)) 1, (0.3,0.5,0.2) (1, (0.5,0.4,0.5), (1, (0.1,0.7,0.2)) 2, (0.4,0.2,0.8) 


Step 2: By using Equation (7), we change the SVNM decision matrix D into SVNS decision 
matrix D, which is shown in Table 4. 


Table 4. The SVNS decision matrix D. 


x4 X2 x3 X4 
G1 (0.85,0.21,0.12) (0.4,0.4,0.5) (0.94,0.49,0.3) (0.55,0.1,0.56) 
G2 (0.97,0.49,0.05) (0.7,0.6,0.8) (0.99,0.16,0.36) (0.75,0.02,0.63) 
G3 (0.72,0.12,0.14) (0.2,0.2,0.2) (0.96,0.25,0.1) (0.82,0.1,0.06) 
G4 (0.98,0.42,0.02) (0.3,0.5,0.2) (0.55,0.28,0.1) (0.64,0.04,0.64) 


Step 3: According to the decision matrix D, we can get the ideal alternative g*: 
g* = {(0.98,0.12,0.02)(0.7,0.2,0.2)(0.99,0.16,0.1){0.82,0.02,0.06)}. (71) 


Step 4: By applying the Equation (10), we can obtain the values of the weighted cosine measure 
between each alternative and the ideal alternative g* as follows: 
Pw(919") = 0.9535, — Pw(g2,g") = 0.9511, (12) 


Pw(93,9°) = 0.9813 and py(g4,g") = 9616. 
Step 5: According to the above values of weighted cosine measure, we can rank the four 


alternatives: g3 > gs > 91 > gz. Therefore, the alternative g3 is the best choice. 

This example clearly indicates that the proposed decision-making method based on the 
weighted cosine measure of SVNMs is relatively simple and easy for dealing with multiple attribute 
decision-making problems under SVNM environment. 


6.2. Comparative Analysis 


In what follows, we compare the proposed method for SVNM with other existing related 
methods for SVNM; all the results are shown in Table 5. 
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Table 5. The ranking orders by utilizing four different methods. 


Method Result Ranking Order The Best Alternative 


Pw(91, 9") = 0.9053, 
Pw(92,g") = 0.9017, 


Method 1 based on 


correlation coefficient ‘ >q> > 
in [11] Pwl939 ) = 0.9516, os Bh ae as Is 
Pw(g4,g") = 0.8816. 
Pw(91,9") = 0.8204, 
Method 2 based on Pw(g2,g*) = 0.8108, 
> 91> 92> 
similarity in [16] AG d= 08867... AE ee Is 
Pw(g4g°) = 0.8358. 
Pw(919°) = 0.7898, 
Method 3 based on Pw (92, g*) = 0.7121, 
>9.>94> 
similarity in [16] bolan ge YH08D5, Oe ee Is 
Pw(g4,g") = 0.7553. 
Pw(919°) = 0.9535, 
1g ) =0.9511, 
The proposed method Pu(G2, 9°) = 0.95 93 > G4 > 91> Ir 93 


Pw(g3,g") = 0.9813, 
Pw(g4,g9") = 9616. 


From Table 5, these four methods have the same best alternative gz. Many methods such as 
similarity measure, correlation coefficient, and cosine measure can all be used in SVNM to handle 
the multiple attribute decision-making problems and can get the similar results. 

The proposed decision-making method can express and handle the multiplicity evaluated data 
given by decision makers or experts, while various existing neutrosophic decision-making methods 
cannot deal with these problems. 


7. Conclusions 


Based on the multiplicity evaluation in some real situations, this paper introduced a SVNM as a 
subclass of NM to express the multiplicity information and the operational relations of SVNMs. The 
SVNM is expressed by its one or more elements, which may have multiplicity. Therefore, SVNM has 
the desirable advantages and characteristics of expressing and handling the multiplicity problems, 
while existing neutrosophic sets cannot deal with them. 

Then, we proposed the cosine measure of SVNMs and weighted cosine measure of SVNMs and 
investigated their properties. Based on the weighted cosine measure of SVNMs, the multiple 
attribute decision-making methods under SVNM environments was proposed, in which the 
evaluated values were taken the form of SVNMEs. Through the weighed cosine measure between 
each alternative and the ideal alternative, one can determine the ranking order of all alternatives and 
can select the best one. Finally, a practical example adapted from the literature [21] about buying 
cars was presented to demonstrate the effectiveness and practicality of the proposed method in this 
paper. According to the ranking orders, we can find that the ranking result with weighted cosine 
measures is agreement with the ranking results in literature [21]. Then, the proposed method is 
suitable for actual applications in multiple attribute decision-making problems with single-value 
neutrosophic multiplicity information. 

In the future, we shall extend SVNMs to interval neutrosophic multisets and develop the 
application of interval neutrosophic multisets for handling the decision-making methods or other 
domains. 
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